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1. Introduction 

In jlTj the author proved that in characteristic the jacobian J(C) = J(C/) of 
a hyperelliptic curve 

has only trivial endomorphisms over an algebraic closure K a of the ground field K 
if the Galois group Gal(/) of the irreducible polynomial / G K[x] is "very big". 
Namely, if n = deg(/) > 5 and Gal(/) is either the symmetric group S n or the 
alternating group A n then the ring End(J(C/)) of if a -endomorphisms of J{CA 
coincides with Z. The proof was based on an explicit description of the Galois 
module J(Cf)2 of points of order 2 on J(Ct). Namely, the action of the Galois 
group Gal(JsT) factors through Gal(/) and the Gal(/)-module J(C/)2 could be easily 
described in terms of the (transitive) action of Gal(/) on the set 9fy of roots of /. 

It turns out that if Gal(/) contains A„ then the Galois module J(C/)2 enjoys 
the following property ( JlTj ) : 

(*):each subalgebra in EndF 2 (J(C/)2) which contains the identity operator and 
is stable under the conjugation by Galois automorphisms cither consists of scalars 
or coincides with EndF 2 ( J(C/)2). 

Applying (*) to the subalgebra End(J(C/))<g>Z/2Z, one concludes that it consists 
of scalars, i.e., End( J(C/) is a free abelian group of rank 1 and therefore coincides 
with Z. (The case of End( J{C)) <g Z/2Z = Endp 2 ( J(C/) 2 ) could not occur in 
characteristic zero.) 

The proof of (*) was based on the well-known explicit description of J(C/)2 |Q, 
|l2| and elementary properties of A„ and its simplest nontrivial representation in 
characteristic 2 of dimension n — 1 or n — 2 (depending on whether n is odd or 
even) . 

In this paper we study property (*) itself from the point of view of representation 
theory over F2. Our results allow, in principle, to check the validity of (*) even if 
Gal(/) does not contain A„. We prove that End(J(C/)) = Z for an infinite series 
of Gal(/) = L 2 (2 r ) := PSL 2 (F 2r ) and n = 2 r + 1 (with r > 3 and dim(J(C») = 
2 r - 1 ) or when Gal(/) is the Suzuki group Sz(2 2r+1 ) and n = 2 2 ( 2r+1 ) + 1 (with 
dim(J(C / ))=2^+ 1 ). 

We refer the reader to @, Q, @, §, §, @ for a discussion of known results 
about, and examples of, hyperelliptic jacobians without complex multiplication. 

The paper is organized as follows. In ^ we state the main results and begin 
the discussion of linear representations for which an analogue of the property (*) 
holds true; we call such representations very simple. In §0 we prove that the very 
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simplicity of the Galois module Xt of points of prime order I on an abelian variety 
X implies in characteristic zero that X does not have nontrivial endomorphisms. 
In §Ji| we remind basic facts about permutation groups and corresponding ordinary 
representations and modular representations over F2 . We use them in in order 
to restate the main results as assertions about the very simplicity of certain permu- 
tation modules using an explicit description of points of order I = 2 on hypcrclliptic 
jacobians. It turns out that all these permutations modules are Steinberg represen- 
tations. In §[3] we prove that the Steinberg representations are the only absolutely 
irreducible nontrivial representations (up to an isomorphism) over F 2 for groups 
L 2 (2 r ) and Sz(2 2r+1 ). In §f?]we study very simple linear representations; in partic- 
ular, we prove that all the (modular) Steinberg representations discussed in Section 
H are very simple. This ends the proof of main results. 

2. Main results 

Throughout this paper we assume that if is a field. We fix its algebraic closure 
K a and write G&1(K) for the absolute Galois group Aut(K a / K). If X is an abelian 
variety of dimension g defined over K then for each prime I ^ chai(K) we write 
Xi for the kernel of multiplication by £ in X[K a ). It is well-known that Xt is a 2g- 
dimensional F^-vector space provided with a natural structure of Gal(-fT)-module. 
We write End(X) for the ring of if a -endomorphisms of X and End°(X) for the 
corresponding finite-dimensional Q-algebra End(X) (g) Q. 

The following notion plays a crucial role in this paper and will be discussed in 
detail in §[?]. 

Definition 2.1. Let V be a vector space over a field F, let G be a group and 
p : G — > AutF(l^) a linear representation of G in V. We say that the G- module V 
is very simple if it enjoys the following property: 

If R C EndF(V^) be an F-subalgebra containing the identity operator Id such 
that 

p(a)Rp(<r)- 1 CR Ver G G 
then either R = F • Id or R = End F (^). 

Remarks 2.2. (i) Clearly, the G- module V is very simple if and only if the 
corresponding p(G)-module V is very simple. 

(ii) Clearly, if V is very simple then the corresponding algebra homomorphism 

F[G] -> Endp(^) 

is surjective. Here F[G] stands for the group algebra of G. In particular, a 
very simple module is absolutely simple. 

(iii) If G' is a subgroup of G and the G'-module V is very simple then the G- 
module V is also very simple. 

(iv) Let G' be a normal subgroup of G. If V is a faithful very simple G-module 
then either G' C Autp^) consists of scalars (i.e., lies in F • Id) or the G'- 
module V is also very simple. 

Lemma 2.3. Let X be an abelian variety of positive dimension g over K . Let I be 
a prime different from char(if) . Assume that the Gal( K) -module Xg is very simple. 
Then either End(X) = Z or char(if ) > and X is a supersingular abelian variety. 
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We prove Lemma 2.3 in 



Theorem 2.4. Let K be a field with cha,r(K) ^ 2, f(x) 6 K[x] an irreducible 
separable polynomial of degree n > 5. Let EH = C K a be the set of roots of f, let 
K{VK } ) = K(m) be the splitting field of f and Gal(/) := Gal(K{m)/K) the Galois 
group of f , viewed as a subgroup o/Perm(9^). Let Cf be the hyperelliptic curve 
y 2 = f(x). Let J(Cf) be its jacobian, End( J(C/)) the ring of K a -endomorphisms 
of J(Cf). Assume that n and Gal(/) enjoy one of the following properties: 

(i) n = 2 m + 1 > 9 and the Galois group Gal(/) of f contains a subgroup iso- 
morphic to L 2 (2 m ); 

(ii) For some positive integer k we have n — 2 2 ( 2fe+1 ) + 1 and the Galois group 
Gal(/) of f is isomorphic to Sz(2 2fc+1 ); 

Then: 

(a) The Gsl{K) -module J(C)2 is very simple; 

(b) Either End(J(C/)) = Z or char(_R') > and J(Ct) is a supersingular abelian 
variety. 



Remark 2.5. It follows from Lemma 2.3 that in order to prove Theorem 2.4 
suffices to check only the assertion a). 



3. Proof of Lemma 2.3 



Recall that dimp^X^) — 2g. Since X is defined over K, one may associate with 
every u e End(X) and a G Gal(i^) an endomorphism a u 6 End(X) such that 

a u{x) = cru{a- l x) Vx 6 X{F a ). 

Let us put 

R := End(X) ®Z/IZc End F ,(JQ). 

Clearly, R satisfies all the conditions of Lemma This implies that either R = 
F £ ■ Id or R = End F ,(X £ ). If End(X) ® Z/£Z = R = F e ■ Id then the free abelian 
group End(X) has rank 1 and therefore coincides with Z. If End(X) ® Z/£Z = 
R = EndF,,(^) then the free abelian group End(X) has rank (2dim(X)) 2 = (2g) 2 
and therefore the Q-algcbra End°(X) has dimension {2g) 2 . 

Now Lemma |2.3| becomes an immediate corollary of the following assertion 
proven in [p~7| (see Lemma 3.1). 

Lemma 3.1. Let Y be an abelian variety of dimension g over an algebraically 
closed field K a . Assume that the semisimple Q-algebra End°(Y") = End(Y") (3 Q 
has dimension (2g) 2 . Then char(iir a ) > and Y is supersingular. 



4. Permutation groups and permutation modules 

Let B be a finite set consisting of n > 5 elements. We write Perm(i?) for the 
group of permutations of B. A choice of ordering on B gives rise to an isomorphism 

Perm(B) = S„. 

Let G be a subgroup of Perm(_B). For each b £ B we write Gb for the stabilizer of 
b in G; it is a subgroup of G. 
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Remark 4.1. Assume that the action of G on B is transitive. It is well-known that 
each Gb is a subgroup of index n in G and all the G^'s are conjugate one to another 
in G. Each conjugate of Gb in G is the stabilizer of a point in B. In addition, one 
may identify the G-set B with the set of cosets G/Gb with the standard action by 
G. 

Let F be a field. We write F B for the n-dimensional F-vector space of maps 
h : B — > F. The space F B is provided with a natural action of Perm(_B) defined as 
follows. Each s G Perm(i3) sends a map h : B — > F into s/i : b i— > ft,(s _1 (6)). The 
permutation module F s contains the Perm(B)-stable hyperplane 

(F s )° = {ft : fl F | h (b) = 0} 

and the Perm(_B)-invariant line F • 1b where 1b is the constant function 1. The 
quotient F B /(F s )° is a trivial 1-dimensional Perm(i?)-module. 

Clearly, (F B )° contains F • 1b if and only if char(F) divides n. If this is not the 
case then there is a Perm(B)-invariant splitting 

f b = ( F s^o 0F . 1b 

Clearly, F B and (F B )° carry natural structures of G-modules. Their characters 
depend only on characteristic of F. 

Let us consider the case of F = Q. Then the character of Q B sends each 
g G G into the number of fixed points of g ( |lq| , ex. 2.2, p. 12); it is called the 
permutation character. Let us denote by x — Xb : G — * Q the character of (Q B )°. 
It is known that the Q[G]-module (Q s )° is absolutely simple if and only if G acts 
doubly transitively on B ([[l5), ex. 2.6, p. 17). Clearly, 1 + % is the permutation 
character. 

Now, let us consider the case of F = F2. It is well-known that one may view 
F^ as the F2-vector space of all subsets of B with symmetric difference as a sum. 
Namely, a subset T corresponds to its characteristic function xt ■ B — > {0, 1} = F 2 
and a function h : B — > F2 corresponds to its support supp(/i) = {x G B | h(x) — 
1}. Under this identification each s G G G Perm(i3) sends T into s(T) = {s(b) | 
beT}. 

Under this identification the hyperplane (F^) corresponds to the F2-vector 
space of all subsets of B of even cardinality with symmetric difference as a sum. 
If n is even then let us define the Perm(£?)-module 

Qb := (Ff )°/(F 2 • l B ). 

If n is odd then let us put 

Qb ■= (Ff) . 

When n is even, the quotient Qb corresponds to the n — 2-dimensional F2-vector 
space of all subsets of B of even cardinality with symmetric difference as a sum 
where each subset T c B of even cardinality is identified with its complement 
B\T. 

Remark 4.2. Clearly, dimF 2 (Q_B) = n — 1 if n is odd and dimF 2 (Qs) = n — 2 if 
n is even. In both cases Qb is a faithful G-module. 

Let G^ 2 * 1 be the set of 2-regular elements of G. Clearly, the Brauer character of 
the G-module Ff coincides with the restriction of 1+xb to G^ 2 \ This implies easily 
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that the Brauer character of the G- module (F^)° coincides with the restriction of 

XBtoG<- 2 \ 

Remark 4.3. Let us denote by <fis — <t> the Brauer character of the G- module Qb- 
One may easily check that 4>b coincides with the restriction of \b to G^ if n is 
odd and with the restriction of xb — 1 to G' 2 ' if n is even. 

Remark 4.4. Assume that n — is even. Let us choose b G B and let 

G' := G b and B' = B \ {b}. Then n! = #(£') = n - 1 is odd and there is a 
canonical isomorphism of G'-modules Qb> — Qb defined as follows. First, there 
is a natural G'-equivariant embedding F§ C Ff which could be obtained by 
extending each h : B' — ► F2 to B by letting h(b) = 0. Second, this embedding 
identifies (Ff )° with a hyperplane of (Ff )° which does not contain 1b- Now the 
desired isomorphism is given by the composition 

Q B > = (Ff )° C (Ff )° - (Ff )°/(F 2 • 1 B ) = Qb- 

This implies that if the G'-modulc Qb> is very simple then the G-module Qb is 
also very simple. 

Remark 4.5. Assume that G acts on B doubly transitively, #(B) is odd and 
#(-B) — 1 = dimQ((Qs)°) coincides with the largest power of 2 dividing #(G). 
Then it follows from a theorem of Brauer-Nesbitt ( |fl5|| , Sect. 16.4, pp. 136-137 ; 
H, p. 249) that Q B is an absolutely simple F2[G]-module. In particular, Qb is 
(the reduction of) the Steinberg representation 0). 

5. Points of order 2 on hyperelliptic jacobians 

We keep all notations of Section [|. In addition, we assume that K is a field of 
characteristic different from 2. Let C be a hyperelliptic curve over K defined by 
an equation y 2 = f(x) where fix) € K[x] is a polynomial of degree n > 5 without 
multiple roots. The rational function x £ K{C) defines a canonical double cover 
7r : G — > P 1 . Let B' C C(K a ) be the set of ramification points of tt (Weierstrafi 
points). Clearly, the restriction of tt to B' is an injective map tt : B' c — > P 1 (if a ), 
whose image is either the set = of roots of / if n is even or the disjoint union 
of 00 and 9\ if n is odd. By abuse of notation, we also denote by 00 the ramification 
point lying above 00 if n is odd and by 00 1 and 002 two unramified points lying 
above 00 if n is even. Clearly, if n is odd then 00 € C[K). If n is even then the 
2-element set {001, 002} is stable under the action of Gdl(K ). 

Let us put 

B = {{a,Q) \f(a) = 0}cC(K a ). 
Then tt defines a bijection between B and 9\ which commutes with the action of 
Gal(K). If n is even then B coincides with B' . In the case of odd n the set B' is 
the disjoint union of B and 00. 

Theorem 5.1. Suppose n is an integer which is greater than or equal to 5. Suppose 
f{x) G K[x] is a separable polynomial of degree n, £H C K a the set of roots of f , 
let K(9X) be the splitting field of f and Gal(/) := Gsl(K (9\) / K) the Galois group 
off- 

Suppose C is the hyperelliptic curve y 2 = f(x) of genus g — [-^rp-] over K. 
Suppose J(G) is the jacobian of C and J{C)% is the group of its points of order 
2, viewed as a 2g- dimensional Y^-vector space provided with the natural action of 
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Gal(A). Then the homomorphism Gal(AT) — > Autp 2 (</(C)2) factors through the 
canonical surjection Gal(A) -» Gal(K(Ui)/K) = Gal(/) and the Gal(/) -modules 
J(C)2 and Qyt are isomorphic. In particular, the G(K)-module J(C)2 is very 
simple if and only if the Gal(/) -module Qb is very simple. 

Remark 5.2. Clearly, G&\(K) acts on B through the canonical surjective homo- 
morphism Gal(AT) -» Gal(/), because all points of B are defined over K(9\) and 
the natural homomorphism Gal(/) — > Perm(i?) is injective. Clearly, it : B — > 9\ 
is a bijection of Gal(/)-sets. This implies easily that the Gal(/)-modules Qb and 



Q<3\ are isomorphic. So, in order to prove Theorem 5.1 it suffices to check that the 
Gal(A")-modules Qb and J{C)2 are isomorphic. 



Proof of Theorem 5.1. Here is a well-known explicit description of the group J(C) 2 
of points of order 2 on J(C). Let us denote by L the A-divisor 2(oo) on C if n is 
odd and the A-divisor (ooi) + (002) if n is even. In both cases L is an effective 
divisor of degree 2. Namely, let T C B' be a subset of even cardinality. Then 
(IH, Ch. Ilia, Sect. 2, Lemma 2.4; @, pp. 190-191; see also juj) the divisor 

= Spgt(^ > ) — ^2~^~L 011 ^ nas degree and 2e-r is principal. If Ti,T 2 are 
two subsets of even cardinality in B' then the divisors and €t 2 are linearly 
equivalent if and only if either 7\ = T 2 or T 2 = B' ' \T X . Also, if T = T t AT 2 then 
the divisor ct is linearly equivalent to + e t 2 ■ Hereafter we use the symbol A for 
the symmetric difference of two sets. Counting arguments imply easily that each 
point of J{C)% is the class of ep for some T. We know that such a choice is not 
unique. However, in the case of odd n if we demand that T does not contain 00 
then such a choice always exists and unique. This observation leads to a canonical 
group isomorphism 

Qb — (Ff)° = J(C)2, T^cl(e T ) 

in the case of odd n. Here cl stands for the linear equivalence class of a divi- 
sor. In the case of even n we are still able to define a canonical surjective group 
homomorphism 

(Ff)° -J(C) a) T^cl(e T ) 
and one may easily check that the kernel of this map is the line generated by the 
set B, i.e., the line generated by the constant function 1^. This gives rise to the 
injective homomorphism 



Qb = (Ff )7(Fa ■ Is) -> J(C) 



2- 



which is an isomorphism, by counting arguments. So, in both (odd and even) cases 
we get a canonical isomorphism Qb — J{C) 2 , which obviously commutes with the 
actions of Gal(A). In other words, we constructed an isomorphism of Gal(A)- 
modilcs Qb and J (0)2- In light of Remark |5.2|, this ends the proof of Theorem 



5.1. □ 



Combining Theorem 5.1 and Lemma 2.3 (for i = 2), we obtain the following 
corollary. 

Corollary 5.3. Let K be afield with char(A) 7^ 2, K a its algebraic closure, f(x) € 
K[x] an irreducible separable polynomial of degree n > 5. Let 9\ — JH/ C K a be 
the set of roots of f , let A(K/) = A(5H) be the splitting field of f and Gal(/) := 
Gal(KQR)/K) the Galois group of f, viewed as a subgroup o/Perm($H). Let Cf 
be the hyperelliptic curve y 2 = f(x). Let J(Cf) be its jacobian, End(J(C/)) the 



HYPERELLIPTIC JACOBIANS AND MODULAR REPRESENTATIONS 



7 



ring of K a -endomorphisms of J(Cf). Assume that the Gal(/) -module Qy\ is very 
simple. Then either End(J(C/)) = Z or char(i^) > and J(Cf) is a supersingular 
abelian variety. 



Notice that in order to prove Theorem 2.4, it suffices to check the following 
statement. 

Theorem 5.4. Let n be a positive integer, B a n-element set, H C Pcrm(_B) a 
permutation group. Assume that (n,H) enjoy one of the following properties: 

(i) n = 2 rn + 1 > 9 and H contains a subgroup isomorphic to L 2 (2 m ); 

(ii) For some positive integer k we have n — 2 2 ( 2fc+1 ) + 1 and H contains a 
subgroup isomorphic to Sz(2 2fe+1 ); 

Then the H -module Qb is very simple. 



Proof of Theorem 2.4 modulo Theorem 5.4- Let us put 



n = deg(/),-B = *K,tf = Gal(/). 

It follows from Theorem |5.4| that the G_al(/)-module is very simple. Now the 
result follows readily from Corollary |5.3| . □ 

We prove Theorem [5.4| at the end of §0. 

6. Steinberg representation 

In this section we prove that the Steinberg representation is the only nontriv- 
ial absolutely irreducible representation over F2 (up to an isomorphism) of groups 
L 2 (2 m )) and Sz(2 2fc+1 ). We refer to gj for basic properties of Steinberg represen- 
tations. 

Let us fix an algebraic closure of F 2 and denote it by T . We write 4> : T — > T 
for the Frobenius automorphism x 1— > x 2 . Let q — 2 m be a positive integral power 
of two. Then the subfield of invariants of 4> m : T — > T is a finite field F g consisting 
of q elements. Let q' be an integral positive power of q. If d is a positive integer 
and i is a non-negative integer then for each matrix u £ GL ( i(J-) wc write u^' for 
the matrix obtained by raising each entry of u to the 2*th power. 

Recall that an element a € F q is called primitive if a =/= and has multiplicative 
order q — 1 in the cyclic multiplicative group F* . 

Lemma 6.1. Let q > 2, let d be a positive integer and let G be a subgroup of 
GL(j(Fg'). Assume that there exists an element u G G C GLrf(F g /) ; whose trace 
a lies in F* and has multiplicative order q — 1. Let Vo — T d and let po : G C 
GLd(Fg') C Ghd{J-) = Autjr(Vo) be the natural d-dimensional representation of G 
over T . For each positive integer i < m we define a d-dimensional T -representation 

Pi : G -» Aut(VS) 

as the composition of 
and the inclusion map 

GL d (F 9 0cGL d (^)-AuV(^)- 

Let S be a subset o/{0, 1, . . . m— 1}. Let us define a d^ s ' -dimensional T -representation 
ps of G as the tensor product of representations pi for all i G S. If S is a proper 
subset of {0, 1, . . . m — 1} then there exists an element u G G such that the trace of 



G GLd(Fg/), x^x 
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ps(u) does not belong to F2. In particular, ps could not be obtained by extension 
of scalars to T from a representation of G over F 2 . 

Proof. Clearly, 

tr( Pi (u)) = {tr(p (u) f Vu E G. 

This implies easily that 



ies 



where M = YlieS ^ Since S is a proper subset of {0, 1, 



1}, we have 



m — 1 



< M < T = 2 '" - 1 = #( F ?)- 



i=0 



Recall that there exists u 6 G such that a — tv{po{u)) lies in F* and the exact 
multiplicative order of a is q — 1 = 2 m — 1. 

This implies that / a M ^ 1. Since F 2 = {0, 1}, we conclude that a M £ F 2 . 
Therefore tr(p s {u)) = (tr(p («)) M = a M F 2 . □ 

Theorem 6.2. Let q > 8 be a power of 2 and G = L 2 (q) = PSL 2 (F 9 ) = SL 2 (F 9 ). 
Let p : G — * Aut(V) be an absolutely irreducible faithful representation of G over 
T . If the trace map tr p : G — » T takes on values in F 2 then dim^(V) = q. In 
particular, p is the Steinberg representation of G. 

Proof. Let us put q' = q. We have 

G = SL 2 (F g ) CGL 2 (F,). 

Clearly, for each aeF, one may find a 2 x 2 matrix with determinant 1 and trace 



a. This implies that G satisfies the conditions of Lemma 6.1 



The construction described in Lemma pT| allows us to construct a c^^-dimensional 

!}• 



^-"-representation ps of G for each subset S of of {0, 1, . . . m — 1}. It is well- 
known (Q, pp. 588-589) that ps's exhaust the list of all absolutely irreducible 
^-representations of G = SL 2 (F g ) and therefore p is isomorphic to ps for some S. 
It follows from Lemma [O] that either S is empty or S = {0, 1, .. .m — 1}. The 
case of empty S corresponds to the trivial 1-dimcnsional representation. Therefore 
S = {0, 1, . . .m — 1} and p is 2 m = g-dimensional. □ 

Suppose m — 2k + 1 > 3 is an odd integer. Let q = 2 m = 2 2k+1 and d = 4. 
Recall (S. pp. 182-194) that the Suzuki group Sz(q) is the subgroup of GL 4 (F(j) 
generated by the matrices S(a,b), M(A),T defined as follows. For each n,t 6 F, 
the matrix S(a, b) is defined by 



S{a, b) 



and for each A G F* the matrix M (A) is defined by 



/ 


1 








°\ 




a 


1 










b 


9 /t+i 

a 


1 





V 2fc+1+2 


+ ab- 


- b a A +i 4 


- b a 


lj 



M (A) = 



/ A l+2 fc 








\ 





A 2 " 














x- 2 " 





V 








A 1+2 7 
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The matrix T is defined by 



T = 



/0 



V 1 



1\ 






Notice that the trace of S(0 : b)T is b 2 . This implies easily that for each cieF, 
one may find an element of Sz(q) C GL4(F 9 ) with trace a. This implies that 

G = Sz(q) C GL 4 (F g ) 

Notice also that #(Sz(g)) = (q 2 + l)q 2 {q-l) 



6.1 



satisfies the conditions of Lemma 
(§, p. 187). 

Theorem 6.3. Let p : Sz(g) — * Aut(V} be an absolutely irreducible faithful repre- 
sentation of Sz(q) over J- . If the trace map tr p : Sz,(q) — > T takes on values in F 2 
then dimjr(y) = q 2 . In particular, p is the Steinberg representation of G. 



Proof. Let us put q' = 
conditions of Lemma 6.1 



q. We know that G = Sz(q) C GL4(F g ) satisfies the 



The construction described in Lemma 6.1 allows us to construct a 4#( s '-dimensional 

!}■ 



^"-representation p$ of G for each subset S of of {0, 1, ... m — 1}. It is known ( 
pp. 56-57) that ps's exhaust the list of all absolutely irreducible JF-representations 
of G — SL2 (F q ) and therefore p is isomorphic to ps for some S. It follows from 
Lemma 3.1 that either 5* is empty or S — {0, 1, . . .to — 1}. The case of empty <S* 
corresponds to trivial 1-dimensional representation. Therefore S = {0, 1, ... to — 1} 



and p is 4 m = q 2 -dimensional. 



□ 



Remark 6.4. 

(resp. Sz(2 2fc 
tation of H . 



Assume that in the case |5.4|(i) (resp. p.4|(ii)) that H = L 2 (2 m )) 
_1 )). It follows from Remark 4.5 that Qb is the Steinberg represen- 



7. Very simple representations 

Examples 7.1. (i) If dim(V) = 1 then V is always very simple. 

(ii) Assume that there exist G-modules V\ and V2 such that dim(Vi) > 1, dim(I / 2) > 
1 and the G-module V is isomorphic to V\ ®-p V2. Then V is not very simple. 
Indeed, the subalgebra 

R = Endp(Vi) ® F • Idy 2 C End F (Vi) ®f End F (y 2 ) = End F (F) 

is stable under the conjugation by elements of G but coincides neither with 
F • Id nor with Endp(V). (Here Idy 2 stands for the identity operator in V2.) 
(ii)bis Let X — > G be a central extension of G. Assume that there exist AT-modulcs 
V\ and V2 such that dim(Vi) > l,dim(^) > 1 and V, viewed as A-module, 
is isomorphic to V\ ®f V2. Then V is not very simple as an AT-module. Since 
X and G have the same images in Autp(y), the G-module V is also not very 
simple. 

(iii) Assume that there exists a subgroup G' in G of finite index m > 1 and a G'- 
module V such that the F[G]-module V is induced by the F[G']-module V. 
(In particular, to must divide dim(V}.) Then V is not very simple. Indeed, 
one may view W as a G'-submodule of V such that V coincides with the 
direct sum ® ae G/G l(T W . Let R — (Te G/G'EndF(crW / ) be the algebra of all 



10 



YURI G. ZARHIN 



operators sending each aW into itself. Then R is stable under the conjugation 
by elements of G but coincides neither with F • Id nor with Endp(V). 



Example 7.2. Let n > 5 be an integer, B a n-element set. Suppose G is either 
Perm(_B) = S„ or the only subgroup in Perm(£>) of index 2 (isomorphic to A n ). 
Then the G-module Qb is very simple. If n is odd then this assertion is proven in 
|l7[, Th. 4.1. If n is even then n > 6, n! = n — 1 > 5 is odd and the result follows 



from the odd case combined with Remarks 2.2 and 4.4 



Remarks 7.3. Assume that there exist G-modules V\ and Va such that dim(Vi) > 
1, dim(V2) > 1 an d the G-module V is isomorphic to V\ ®f V2. 

(i) If V is simple then both V\ and V2 are also simple. Indeed, if say, V is a 
proper G-stable subspace in V\ then V <8>f Vi is a proper G-stable subspace 
in Vi ® F V-2 = V. 

(ii) If V is absolutely simple then both V% and V2 are also absolutely simple. 
Indeed, assume that say, R\ := Endc(Vi) has F-dimension greater than 1. 
Then Endc(V r ) = End G (Vi (g) F V 2 ) contains Ri ® Idy 2 = R\ and therefore 
also has dimension greater than 1. 



Lemma 7.4. Let H be a group, F a field and V a simple F[H]-module of finite 
F-dimension N. Let R C Endp(V r ) be an F-subalgebra containing the identity 
operator Id and such that 

uRu- 1 CR VueH. 

Then: 

(i) The faithful R-module V is semisimple. 

(ii) Either the R-module V is isotypic or there exists a subgroup W C H of index 
r dividing N and a H' -module V of finite F-dimension N/r such that r > 1 
and the R-module V is induced by V' . In addition, ifF = F2 then r < N. 

Proof. We may assume that N > 1. Clearly, V is a faithful i?-module and 

uRu~ l =R Vue H. 

Step 1. V is a semisimple i?-module. Indeed, let U C V be a simple R- 
submodule. Then U' = ^2 seH sU is a non-zero -ff-stable subspace in V and there- 
fore must coincide with V. On the other hand, each sU is also a i?-submodule in 
V, because s~ 1 Rs = R. In addition, if W C sU is an i?-submodule then s~ x W is 
an i?-submodule in U, because 

Rs^W = s^sRs^W = s~ l RW = s~ l W. 

Since U is simple, s^W — {0} or U . This implies that sU is also simple. Hence 
V = U' is a sum of simple i?-modules and therefore is a semisimple i?-module. 

Step 2. The i?-module V is either isotypic or induced. Indeed, let us split the 
semisimple i?-module V into the direct sum 

v = v x e • • • © v r 

of its isotypic components. Dimension arguments imply that r < dim(V) = N. It 
follows easily from the arguments of the previous step that for each isotypic com- 
ponent Vi its image sVi is an isotypic i?-submodule for each s G H and therefore is 
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contained in some Vj. Similarly, s~ 1 Vj is an isotypic submodule obviously contain- 
ing Vi. Since Vi is the isotypic component, s~ 1 Vj = Vi and therefore sVi = Vj. This 
means that s permutes the Vf, since V is 7?-simplc, H permutes them transitively. 

This implies that all Vi have the same dimension N/r and therefore r divides 
dim(V) = N . Let H' — Hi be the stabilizer of Vi in H, i.e. 

H i = {s£H | sV = Vi}. 

The transitivity of the action of H on VjS implies that [H : Hi] = r. 

If r = 1 then H = H' = H { . This means that sVi = Vi for all s E H and V = V t 
is isotypic. 

Assume that r > 1 and consider the H' -module W = Vi. Clearly, [H : H'\ = 
[H : Hi] = r divides N and the 7J-module V is iduced by W. 

Step 3. Assume that r — N and F = F 2 . Then each Vi is one-dimensional and 
contains exactly one non-zero vector say, Vi. Then the sum X^ili v i IS a non-zero 
iJ-invariant vector which contradicts the simplicity of the iJ-module V . □ 

Theorem 7.5. Suppose H is a group and 

p:H^ Autp 2 (V) 

is an absolutely simple F ' 2[H]-module of finite dimension N. Suppose there exists 
an F 2 -subalgebra R C EndF 2 (V) containing the identity operator Id and such that 

uRu- 1 CR VueH. 

Assume, in addition, that H does not have nontrivial cyclic quotients of order 
dividing N . If the R-module V is isotypic then there exist F ' 2[H]-modules V\ and 
Vi such that V, viewed as H-module, is isomorphic to V\ (E>f 2 and the image of 
R C EndF 2 (V") under the induced isomorphism 

End F2 (V) = End F2 (yi ®f 2 V 2 ) = End F2 (yi) ®f 2 End F2 (V 2 ) 

coincides with EndF 2 (Vi) (g)Idy 2 . In particular, if both V\ and V 2 have dimension 
greater than 1 then the H-module V is not very simple. 

Proof. Since V is isotypic, there exist a simple i?-module W, a positive integer d 
and an isomorphism 

ip :V = W d 

of i?-modules. Let us put 

Vi =W, V 2 = F%. 
The isomorphism ip gives rise to the isomorphism of F2-vector spaces 

V = W d = W ®f 2 F 2 = Vi ®f 2 V 2 . 

We have 

d ■ dim(W) = dim(V) = N. 
Clearly, End^(y) is isomorphic to the matrix algebra Mat t j(Endfl(M / )) of size d 
over Endfl(W). 
Let us put 

fc = End fl (VK). 

Since W is simple, A: is a finite-dimensional division algebra over F 2 . Therefore k 
must be a finite field. 
We have 
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End fl (V) = Mat d (fc). 
Clearly, [k : F2] divides diniF 2 (W) and therefore divides dirriF 2 (V) — N. Clearly, 
Aut(fc/F 2 ) is always a cyclic group of order [k : F 2 ] and therefore has order dividing 
N. 

Clearly, Endj?(V) C Endp^F) is stable under the adjoint action of H. This 
induces a homomorphism 

a: H -> AutF 2 (End fl (V)) = Autp 2 (Mat d (fc)). 
Since k is the center of Matd(fc), it is stable under the action of H, i.e., we get 
a homomorphism H —=> Aut(fc/F2), which must be trivial, since H is perfect and 
Aut(fc/F 2 ) is a cyclic group of order dividing N and therefore the kernel of the 
homomorphism must coincide with H . This implies that the center k of End^(V^) 
commutes with H. Since Endjj(F) = F 2 , we have k = F 2 . This implies that 
End]i(V) = Matd(F 2 ) and one may rewrite a as 



a : H -» Aut F2 (Mat d (F 2 )) = Aut(End F2 (V2)) = Aut F2 (F 2 )/F* = Aut F2 (F 2 ). 

It follows from the Jacobson density theorem that R = End F2 (VT) = Mat m (F 2 ) 
with dm = N. 

The adjoint action of H on R gives rise to a homomorphism 

13 : H -> Aut Fa (End Fa (W)) = Aut F . 2 (W)/F* 2 = Aut P2 (W). 

Clearly, a and (3 provide V2 and Vi respectively with the structure of _ff-modules. 
Notice that 

R = End F2 (V^) = End F2 (Vi) ® Idy 2 C End F2 (Vi) ®f 2 End F2 (V 2 ) = Endp 2 (V). 

Now our task boils down to comparison of the structures of ii-module on V — 
V\ <8>f 2 Vi defined by p and (3 ® a respectively. I claim that 

Pis) = Pis) ® a(g) VgeH. 
Indeed, notice that the conjugation by p(g) in Endp 2 (F) = End F2 (Vi g)p 2 V2) 
leaves stable i? = Endp 2 (Vi) <g>F 2 Idy 2 and coincides on R with the conjugation by 
a(g) ® Idv 2 - Since the centralizer of End Fa (Fi) ® Idy 2 in 

End F2 (V) = Endp 2 (V\) ®f 2 Endp 2 (V 2 ) 
coincides with Idyj <g> EndF 2 (V 2 ), there exists u £ AutF 2 (V 2 ) such that 

P(g) = (3{g)®u. 

Since the conjugation by p(g) leaves stable the centralizer of R, i.e. Idyj <8>Endp 2 (V2) 
and coincides on it with the conjugation by Idv x ® a: (5), there exists a non-zero 
constant 7 £ F 2 such that u = 7 /3(g). This implies that 

P(g) = /3(g) ®u = >y f3(g)®a(g). 

Now one has only to recall that F 2 = {1} and therefore 7 = 1. □ 

Remark 7.6. In the notations of Th. |7.5| the ii-modules V\ and V2 must be 



absolutely simple. It follows easily from Remarks 7.3 



Lemma 7.4 and Theorem |7.q together with Remark 7.6 imply easily the following 



criterion of very simplicity over F 2 . 



HYPERELLIPTIC JACOBIANS AND MODULAR REPRESENTATIONS 



13 



Theorem 7.7. Let H be a group and V be a F2[H]-module of finite dimension N 
over F2. Assume, in addition, that H does not have nontrivial cyclic quotients of 
order dividing N (e.g., H is perfect). 

Then V is very simple if and only if the following conditions hold: 

(i) The H -module V is absolutely simple; 

(ii) There do not exist a subgroup H' ^ H of H and a F2[H']-module V such 
that V is induced by V ; 

(iii) There do not exist absolutely simple F ' 2[H]-modules V\ and V%, both of dimen- 
sion greater than 1 and such that the H -module V is isomorphic to V\ ®f 2 ^2- 

Combining Theorem 7.7 with Lemma 7.4 and Theorem |7.5| we get easily the 
following corollary. 

Corollary 7.8. Let H be a group and V be a F2[H]-module of finite dimension N 
over F2 . Then V is very simple if the following conditions hold: 

(i) The H -module V is absolutely simple; 

(ii) H does not contain a subgroup of finite index r with r \ N and 1 < r < N. In 
addition, H does not have cyclic quotients of order N, i.e., H does not have 
a normal subgroup H' of index N with cyclic quotient H/H' ; 

(iii) There do not exist absolutely simple F2[H]-modules V± and V2, both of dimen- 
sion greater than 1 and such that the H -module V is isomorphic to V\ <S>f 2 Vi- 



The following assertion follows easily from Lemma 7.4 and Theorem 71. 



Corollary 7.9. Suppose a positive integer N > 1 and a group H enjoy the follow- 
ing properties: 

• H does not contain a subgroup of index dividing N except H itself. 

• Let N — ab be a factorization of N into a product of two positive integers 
a > 1 and b > 1. Then either there does not exist an absolutely simple 
F2[H]-module of 'F \- dimension a or there does not exist an absolutely simple 
F2[H]-module 0] F '2- dimension b. 

Then each absolutely simple F2[H]-module of F 2- dimension N is very simple. In 
other words, in dimension N the properties of absolute simplicity and very simplicity 
over F2 are equivalent. 

The next two theorems provide examples of very simple Steinberg representa- 
tions. 

Theorem 7.10. Let q = 2 m > 8 be an integral power of 2, let B be a (q + 1)- 
element set. Let G' be a group acting faithfully on B . Assume that G contains a 
subgroup G isomorphic to L2(g). Then the G' -module Qb is very simple. 

Proof. We have ^2{q) = G C G' C Perm(B). Clearly, it suffices to check that the 
L2(q)-module Qb is very simple. 

First, notice that L 2 (g) acts doubly transitively on B. Indeed, each subgroup of 
L 2 (q) (except L 2 (q) itself) has index > q + 1 = #{B) (|§, (6.27), p. 415). This 
implies that ~i->2{q) acts transitively on B. If the stabilizer G& of a point b G B 
has index q+1 then it follows easily from Th. 6.25 on p. 412 of |l(|) that G& in 
conjugate to the (Borel) subgroup of upper-triangular matrices and therefore the 
L2(q)-set B is isomorphic to the projective line P 1 (F g ) with the standard action of 
T-J2(q) which is well-known to be doubly (and even triply) transitive. By Remark 
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4.5, this implies that the F2[L2(g r )]-module Qb is absolutely simple. Recall that 
dim F2 (Q B ) = #(i?)-l = g = 2"\ 



By Theorem 3/2, there no absolutely simple nontrivial F2[L2(<7)]-modules of di- 
mension < 2 m . This implies that Qb is not isomorphic to a tensor product of 
absolutely simple F2[L2(g)]-modules of dimension > 1. Recall that all subgroups 
in 112(g) different from L^f?) have index > q + 1 > q = dimF 2 (Qs). It follows from 



Corollary 7.8 that the G-module Qb is very simple. Since G C G', the G'-module 



Qb is also very simple. □ 

Theorem 7.11. Let k be a positive integer and q = 2 2k+1 , let B be a (q 2 + 1)- 
element set. Let G' be a group acting faithfully on B. Assume that G' contains a 
subgroup G isomorphic to Sz(q). Then the G'-module Qb is very simple. 

Proof. We have Sz(q) = G C G' C Perm(B). First, notice that Sz(q) acts doubly 
transitively on B. Indeed, the classification of subgroups of Suzuki groups (Q, 
Remark 3.12(e), p. 194) implies that each subgroup of Sz(q) (except Sz(q) itself) 
has index > q 2 + 1 = #(B). This implies that Sz(g) acts transitively on B. If 
the stabilizer Gb of a point b e B has index q 2 + 1 then it follows easily from 
the same classification that Gb is conjugate to the subgroup frf) generated by all 
S(a,b) and M(A) and therefore the Sz(g)-set B is isomorphic to an ovoid O = 
Sz(q)/$f) where the action of Sz(q) is known to be doubly transitive (||, Th. 
3.3 on pp. 184-185 and steps g) and i) of its proof on p. 187). By Remark 



4.5 , this implies that the F 2 [Sz(g)]-module Qb is absolutely simple. Recall that 
dim F2 (Q B ) = #{B) - 1 = q 2 = 2 2{ - 2k+1 \ By Theorem ^J, there no absolutely 
simple nontrivial F2[Sz(<7)]-modules of dimension < 2 2 ( 2k+1 \ This implies that Qb 
is not isomorphic to a tensor product of absolutely simple F 2 [Sz((7)]-modules of 
dimension > 1. Recall that all subgroups in G = Sz(q) (except Sz(q) itself) have 



index > q + 1 > q = dimp 2 {Qb)- It follows from Corollary 7.8 that the G-module 



Qb is very simple. Since G C G', the G'-module Qb is also very simple. □ 



Proo f of Theo rem 5.4 - The cases (i) and (ii) of Theorem p.4| follow from Theorems 



7.10 and 7.11 respectively applied to G' = H. □ 



In light of Corollary |5.3| it would be interesting to classify all permutation sub- 
groups G C Perm(-B) with very simple G-modules Qb- We finish the paper by 
examples of very simple Qb attached to Mathieu groups Mn and Mi 2 and to 
related group L 2 (ll) = PSL 2 (11). 

Theorem 7.12. Let n be a positive integer, B a n-element set, G C Perm(B) a 
permutation group. Assume that (n, G) enjoy one of the following properties: 

(i) n = 11 and G is isomorphic either to L2(ll) or Mn; 

(ii) n — 12 and either G = M12 or G = Mn and G acts transitively on B. 
Then the G-module Qb is very simple. 

Proof. Assume that n = 11. Since Mn contains a subgroup isomorphic to 112(H) 
(Q, p. 18), it suffices to check the case of G = Ii2(ll), in light of Remark |2.2| (iii). 

The group G = L2(ll) has two conjugacy classes of maximal subgroups of index 
11 and all other subgroups in G have index greater than 11 (0, p. 7). Therefore 
all subgroups in G (except G itself) have index greater than 10 and the action of 
G on the 11-element set B is transitive. The permutation character (in both cases) 
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is (in notations of O, p. 7) 1 i.e., \ = X5- The restriction of %5 to the set 

of 2-regular elements coincides with absolutely irreducible Brauer character ip± (in 
notations of H, p. 7). In particular, the corresponding G-module Qb is absolutely 
simple and has dimension 10. Since 10 = 2 • 5 and 5 is a prime, the very simplicity 
of the G-module Qb follows from Th. 5.4 of ]l7[ . This proves the case (i). 
Assume that n = 12. 

Suppose G — Mn and the action of G on the 12-element set B is transitive. All 
subgroups Gb in G of index 12 are isomorphic to L2(ll) (0, p. 18). It follows from 



the already proven case (i) for L 2 (ll) and Remark 4.4 that the G-module Qb is 
very simple. 

Suppose G = M12. The action of G on the 12-element B is transitive, since all 
subgroups in G (except G itself) have index > 12. All subgroups Gb in G of index 
12 are isomorphic to Mn (0, p. 33). It follows from the already proven case (i) 



for Mn and Remark 4.4 that the G-module Qb is very simple. □ 



Combining Corollary 5.2 and Theorem 7.12| (with B — G = Gal(/) and taking 



into account that the irreducibility of / means that Gal(/) acts transitively on 5H), 
we obtain the following statement. 

Theorem 7.13. Let K be afield with char(X) ^ 2, K a its algebraic closure, f(x) € 
K[x] an irreducible separable polynomial of degree n > 5. Let 9^ = 9fy C K a be 
the set of roots of f , let K{d\f) = K(d\) be the splitting field of f and Gal(/) := 
Gal(K(9l)/K) the Galois group of f , viewed as a subgroup o/Perm(£H). Let Cf be 
the hyperelliptic curve y 2 = f(x). Let J(G/) be its jacobian, End(J(G/)) the ring 
of K a -endomorphisms of J(G/). 

Assume that n and Gal(/) enjoy one of the following properties: 

(i) n = 11 and Gal(/) is isomorphic either to 1/2(11) or to Mn; 

(ii) n — 12 and Gal(/) is isomorphic either to Mn or to M12; 

Then either End(J(G/)) = Z or char(if) > and J(Ct) is a supersingular 
abelian variety. 
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